Abstract. We propose the notion of a quasiminimal abstract elementary class (AEC). This is an AEC satisfying four semantic conditions: countable Löwenheim-Skolem-Tarski number, existence of a prime model, closure under intersections, and uniqueness of the generic orbital type over every countable model. We exhibit a correspondence between Zilber's quasiminimal pregeometry classes and quasiminimal AECs: any quasiminimal pregeometry class induces a quasiminimal AEC (this was known), and for any quasiminimal AEC there is a natural functorial expansion that induces a quasiminimal pregeometry class. We show in particular that the exchange axiom is redundant in Zilber's definition of a quasiminimal pregeometry class.
Introduction
Quasiminimal pregeometry classes were introduced by Zilber [Zil05a] in order to prove a categoricity theorem for pseudo-exponential fields. Quasiminimal pregeometry classes are a class of structures carrying a pregeometry satisfying several axioms. Roughly (see Definition 4.2) the axioms specify that the countable structures are quite homogeneous and that the generic type over them is unique (where types here are syntactic quantifier-free types). The original axioms included an "excellence" condition, but it has since been shown [BHH + 14] that this follows from the rest. Zilber showed that a quasiminimal pregeometry class has at most one model in every uncountable cardinal, and in fact the structures are determined by their dimension. Note that quasiminimal pregeometry classes are typically nonelementary (see [Kir10, §5] ): they are axiomatizable in L ω1,ω (Q) (where Q is the quantifier "there exists uncountably many") but not even in L ω1,ω .
The framework of abstract elementary classes (AECs) was introduced by Saharon Shelah [She87] and encompasses for example classes of models of an L ω1,ω (Q) theory. Therefore quasiminimal pregeometry classes can be naturally seen as AECs (see Theorem 4.5). In this paper, we show that a converse holds: there is a natural class of AECs, which we call the quasiminimal AECs, that corresponds to quasiminimal pregeometry classes. Quasiminimal AECs are required to satisfy four purely semantic properties (see Definition 4.1), the most important of which are that the AEC must, in a technical sense, be closed under intersections (this is called "admitting intersections", see Definition 3.2) and over each countable model M there must be a unique orbital (Galois) type that is not realized inside M .
It is straightforward (and implicit e.g. in [Kir10, §4] , see also [HK16, 2.87] ) to see that any quasiminimal pregeometry class is a quasiminimal AEC, but here we prove a converse (Theorem 4.17). We have to solve two difficulties:
(1) The axioms of quasiminimal pregeometry classes are very syntactic because they are phrased in terms of quantifier-free types. For example, one of the axioms (II(2) in Definition 4.2) specifies that the models must have some syntactic homogeneity. (2) Nothing in the definition of quasiminimal AECs says that the models must carry a pregeometry. It is not clear that the natural closure cl M (A) given by the intersections of all the K-substructures of M containing A satisfies exchange.
To get around the first difficulty, we use an argument from [BHH + 14, §5] together with the technique of adding relation symbols for small Galois types to the vocabulary (called the Galois Morleyization in [Vas16] ). To get around the second difficulty, we develop new tools to prove the exchange axiom of pregeometries in any setup where we know that the other axioms of pregeometries hold. We show (Corollary 2.11) that any homogeneous closure space satisfying the finite character axiom of pregeometries also satisfies the exchange axiom (to the best of our knowledge, this is new 1 ). As a consequence, the exchange axiom is redundant in the definition of a quasiminimal pregeometry class (Corollary 4.10)
2 .
An immediate corollary of the correspondence between quasiminimal AECs and quasiminimal pregeometry classes is that a quasiminimal AEC has at most one model in every uncountable cardinal (Corollary 4.18). This can be seen as a generalization of the fact that algebraically closed fields of a fixed characteristic are uncountably categorical (indeed, algebraically closed fields are closed under intersections and if F is a field, a, b are transcendental over F , then a and b satisfy the same type over F ).
Throughout this paper, we assume some basic familiarity with AECs (see [Bal09] ), although we repeat the basic definitions. We use the notation from [Vas16] . In particular, we use |M | to denote the universe of a structure M , and M for its cardinality.
This paper was written while working on a Ph.D. thesis under the direction of Rami Grossberg at Carnegie Mellon University and I would like to thank Professor Grossberg for his guidance and assistance in my research in general and in this work specifically. I also thank John Baldwin, Will Boney, Levon Haykazyan, Jonathan Kirby, and Boris Zilber for helpful feedback on an early draft of this paper. Finally, I thank several anonymous referees for comments that helped improve the paper.
Exchange in homogeneous closure spaces
Pregeometries are a fundamental tool in geometric stability theory [Zil, Pil96] . They occur in the study of strongly minimal sets (where algebraic closure induces a pregeometry) and their generalization, regular types (where forking induces a pregeometry). In this section, we study closure spaces, which are objects satisfying the monotonicity and transitivity axioms of pregeometries. We want to know whether they satisfy the exchange axiom when they are homogeneous. We give criteria for when this is the case (Corollary 2.11). To the best of our knowledge, this is new (but see Remark 2.13).
The following definition is standard, see e.g. [CR70] .
Definition 2.1. A closure space is a pair W = (X, cl), where:
(1) X is a set.
(2) cl : P(X) → P(X) satisfies:
We write |W | for X and cl W for cl (but when W is clear from context we might forget it). For a ∈ A, we will often write cl(a) instead of cl({a}). Similarly, for sets A, B ⊆ |W | and a ∈ |W |, we will write cl(Aa) instead of cl(A ∪ {a}) and cl(AB) instead of cl(A ∪ B).
Definition 2.2. Let W be a closure space.
(1) For closure spaces W 1 , W 2 , we say that a function f : |W 1 | → |W 2 | is an isomorphism if it is a bijection and for any 
Definition 2.4. For A ⊆ |W |, let W A be the following closure space: |W A | := |W |\A, and cl
Lemma 2.5. Let W be a closure space.
(1) For µ an infinite cardinal, if W is µ-homogeneous, A ⊆ |W | and |A| < µ, then W A is µ-homogeneous. Proof. Straightforward.
Closure spaces where exchange always fails are studied in the literature under the names "antimatroid" or "convex geometry" [EJ85] . One of the first observations one can make is that there is a natural ordering in this context:
We write a ∼ b if both a ≤ b and b ≤ a. We denote by I(W ) the partial order on |W |/ ∼ induced by ≤.
Remark 2.7. By the transitivity axiom, (|W |, ≤) is indeed a pre-order. Moreover any automorphism of W induces an automorphism of (|W |, ≤) and hence of I(W ).
Remark 2.8. Let W be a closure space where ∅ is closed. Then W fails exchange over ∅ if and only if there exists a, b ∈ |W | such that a < b.
To give conditions under which exchange follows from homogeneity, we will study the ordering I(W ) from Definition 2.6. The key is:
Lemma 2.9. If W is ℵ 0 -homogeneous and ∅ is closed, then I(W ) is both 1-transitive and 2-transitive. More precisely, for any a and c in W , there is an automorphism of W sending a to c and if b ≤ a and d ≤ c, then there exists an automorphism of W sending (a, b) to (c, d). In particular if W fails exchange over ∅, then I(W ) is a dense linear order without endpoints.
Proof. We have that d / ∈ cl(c) and b / ∈ cl(a). By ℵ 0 -homogeneity, there exists an automorphism f of W taking c to a (using that ∅ is closed, so a, c / ∈ cl(∅) = ∅. Let We similarly obtain (using 1-transitivity) that I(W ) is dense and without endpoints.
Theorem 2.10. Let W be an ℵ 0 -homogeneous closure space where ∅ is closed. Then W has exchange over ∅ if at least one of the following conditions hold:
+ -homogeneous and κ(W ) = ℵ 0 .
Proof. Suppose for a contradiction that exchange over ∅ fails. (1) If W < ℵ 0 , then Lemma 2.9 directly gives a contradiction. . This is impossible: take c ∈ |W | such that b < c (exists by Lemma 2.9). Then there is an automorphism of W taking b to c fixing B, which is impossible as b is a least upper bound of B but c is not. Therefore (
Proof of Claim 2: Clearly, the right hand side is contained in the left hand side. We show the other inclusion. Let A := i∈I A i . Let a ∈ cl(A). By finite character, there exists a finite
′ cannot be empty. Say A ′ = {a 0 , . . . , a n−1 }, with a 0 ≤ a 1 ≤ . . . ≤ a n−1 (we are implicitly using Lemma 2.9). Then a ∈ cl(a n−1 ). Pick i ∈ I such that a n−1 ∈ A i . Then a ∈ cl(A i ), as desired. † Claim 2
Now pick any b ∈ |W |. Note that (using Lemma 2.9) (−∞, b)
However on the one hand, by Claim 1, cl
Proof. Let µ := κ(W ) + LS(W ) + . By Lemma 2.5, it is enough to see that W has exchange over every set A with |A| < κ(W ). Fix such an A. By Lemma 2.5, it is enough to see that
++ . Therefore by Theorem 2.10, W ′ has exchange over ∅, as desired.
We give a few examples showing that the hypotheses of Corollary 2.11 are near optimal:
Example 2.12.
(1) On any partial order P, one can define a closure operator cl 1 by cl 1 (A) := {b ∈ P | ∃a ∈ A : b ≤ a}. The resulting closure space W 1,P has exchange over ∅ if and only if there are no a, b ∈ P with a < b. Note that if P is e.g. a dense linear order, then W 1,P is not ℵ 1 -homogeneous. (2) On the other hand, one can define cl 2 (A) :
This gives a closure space W 2,P . Setting P := Q, W 2,Q is ℵ 1 -homogeneous and does not have exchange over ∅ but note that κ(W 2,Q ) = ℵ 1 , because the statement "0 ∈ cl((−∞, 0))" is not witnessed by a finite subset of (−∞, 0). (3) The closure space W 2,Q×ω1 (where Q × ω 1 is ordered by the reverse lexicographical ordering, i.e. the second component is the most significant) is also ℵ 1 -homogeneous, satisfies LS(W 2,Q×ω1 ) = ℵ 0 , κ(W 2,Q×ω1 ) = ℵ 1 , and does not have exchange over ∅.
Remark 2.13. In [PT11, §5], Pillay and Tanović generalize an earlier result of Itai, Tsuboi, and Wakai [ITW04, 2.8]) by proving (roughly) that any quasiminimal structure of size at least ℵ 2 induces a pregeometry. Here, we call a structure quasiminimal if every definable set is either countable or co-countable. Thus the Pillay-Tanović result is a (more general) version of Corollary 2.11 for the case κ(W ) = ℵ 0 , W ≥ ℵ 2 , and LS(W ) = ℵ 0 .
Note that in the Pillay-Tanović context the hypothesis that the size should be at least ℵ 2 is needed: consider [ITW04, Example 2.2(3a)] the structure M := (Q × ω 1 , <) (where as above < denotes the reverse lexicographical ordering). The closure space induced by M is the same as W 1,Q×ω1 from Example 2.12, so it does not have exchange. Note that M is homogeneous in the model-theoretic sense that every countable partial elementary mapping from M into M can be extended (and also in the syntactic sense of [PT11, §4]), but this does not make the corresponding closure space homogeneous in the sense of Definition 2.2(3). Indeed, two elements could satisfy the same first-order type but not the same type e.g. in an infinitary logic. This is used in the proof of Theorem 2.10(3): if (I, <) is a dense linear order and b < c, then b and c will satisfy the same first-order type over (−∞, b), but there cannot be an automorphism sending b to c fixing (−∞, b). Thus M cannot be a counterexample to Theorem 2.10(3). In the proof of Theorem 4.9, we will build a (Galois) saturated model N and work with the pregeometry generated by a certain closure operator inside it. The (orbital) homogeneity of N will give homogeneity of the pregeometry in the strong sense given here.
On AECs admitting intersections
In this section, we review the definition of an AEC admitting intersections, first introduced by Baldwin and Shelah [BS08, 1.2]. We give a few known facts and show (Theorem 3.6) that admitting intersections transfers up in AECs: if all models of a fixed size above the Löwenheim-Skolem number admit intersections, then the entire class admits intersections.
We first recall the definition of an abstract elementary class, due to Shelah [She87] .
Definition 3.1. An abstract elementary class (AEC for short) is a pair K = (K, ≤ K ), where:
(1) K is a class of τ -structures, for some fixed vocabulary τ = τ (K).
(2) ≤ K is a partial order (that is, a reflexive and transitive relation) on K.
We write LS(K) for the minimal such cardinal.
We will use K λ to denote the restriction of K to models of size λ, and K ≥λ to similarly denote the restriction of K to models of size at least λ. As in [Gro] , we call an abstract class a pair K = (K, ≤ K ) satisfying conditions (1) to (4) in Definition 3.1. We say that an abstract class is coherent if it also satisfies (5).
Note that any AEC is a coherent abstract class, and if K is an AEC and λ is a cardinal, then K λ is also a coherent abstract class.
Definition 3.2. Let K be a coherent abstract class. Let N ∈ K and let A ⊆ |N |.
( (4) We say that K admits intersections if every N ∈ K admits intersections.
Lemma 3.3. Let K be a coherent abstract class and let N ∈ K. Then (|N |, cl N ) is a closure space and any M ≤ K N is closed.
Proof. Immediate from the definition of cl N .
The following characterization of admitting intersections in terms of the existence of a certain closure operator will be used often in this paper. The proof is similar to that of [Vas17, 2.11].
Fact 3.4. Let K be a coherent abstract class and let N ∈ K. The following are equivalent:
(1) N admits intersections.
(2) For every non-empty collection S of K-substructures of N , we have that We now explain why admitting intersections transfers up. This is routine, so we only sketch the proof and leave the details to the reader.
Theorem 3.6. Let K be an AEC and let λ ≥ LS(K). Let N ∈ K ≥λ . If M admits intersections for all M ∈ K λ with M ≤ K N , then N admits intersections. In particular if K λ admits intersections, then K ≥λ admits intersections.
Proof sketch. Let A ⊆ |N |. We want to show that cl N (A) ≤ K N . To see this, first prove that:
and then use the Tarski-Vaught chain axioms together with the fact that each cl M (A ∩ |M |) in the right hand side satisfies cl
We will use two facts about AECs admitting intersections in the next section. First, the closure operator has finite character [Vas17, 2.14(6)]:
Fact 3.7. Let K be an AEC and let N ∈ K. If N admits intersections, then κ((|N |, cl N )) = ℵ 0 .
To state the second fact, we first recall the definition of a Galois (or orbital) type. The definition is due Shelah (see for example [She09, II.1.9]), but we use the notation from the preliminaries of [Vas16] .
Definition 3.8. Let K be an abstract class.
(1) Let K 3 be the set of triples of the form (b, A, N ), where N ∈ K, A ⊆ |N |, andb is a sequence of elements from N .
We call such an equivalence class a Galois type. 
Quasiminimal AECs
In this section, we define quasiminimal AECs and show that they are essentially the same as quasiminimal pregeometry classes.
Following Shelah [She09, II.1.9(1A)], we will write gS na (M ) for the set of nonalgebraic types over M : that is, the set of p ∈ gS(M ) such that p = gtp(a/M ; N ) with a / ∈ |M | (in the context of this paper, there will be a unique nonalgebraic type which we will call the generic type). We say that M ∈ K is prime if for any N ∈ K, there exists f : M → N . We say that K is unbounded if it satisfies in addition:
(5) There exists M i : i < ω strictly increasing in K.
For the convenience of the reader, we repeat here the definition of a quasiminimal pregeometry class. We use the numbering and presentation from Kirby [Kir10] , see there for more details on the terminology. We omit axiom III (excellence), since it has been shown [BHH + 14] that it follows from the rest. We have added axiom 0(3) that also appears in Haykazyan [Hay16, 2.2] and corresponds to (2) in the definition of a quasiminimal AEC, as well as axiom 0(1) which requires that the class be non-empty and that the vocabulary be countable (this can be assumed without loss of generality, see [Kir10, 5.2]).
As in Definition 4.1, we call the class unbounded if it has an infinite dimensional model (this is the nontrivial case that interests us here).
Definition 4.2.
A quasiminimal pregeometry class is a class C of pairs (H, cl H ), where H is a τ -structure (for a fixed vocabulary τ = τ (C)) and cl H : P(|H|) → P(|H|) is a function, satisfying the following axioms:
are both τ -structures with functions on their powersets and f :
, then H and H ′ satisfy the same quantifierfree sentences. I: (1) For each (H, cl H ) ∈ C, (|H|, cl H ) is a pregeometry such that the closure of any finite set is countable. (2) If (H, cl H ) ∈ C and X ⊆ |H|, then the τ (C)-structure induced by cl H (X) together with the appropriate restriction of cl H is in C.
Let G ⊆ H and G ′ ⊆ H ′ be countable closed subsets or empty and let g : G → G ′ be an isomorphism. (1) If x ∈ |H| and x ′ ∈ |H ′ | are independent from G and G ′ respectively, then g ∪ {(x, x ′ )} is a partial embedding. (2) If g ∪ f : H ⇀ H ′ is a partial embedding, f has finite preimage X, and y ∈ cl H (X ∪ G), then there is y ′ ∈ H ′ such that g ∪ f ∪ {(y, y ′ )} is a partial embedding. IV: (1) C is closed under unions of increasing chains: If δ is a limit ordinal and (H i , cl Hi ) : i < δ is increasing with respect to being a closed substructure (i.e. for each i < δ,
We say that C is unbounded if it satisfies in addition:
IV: (2) C contains an infinite dimensional model (i.e. there exists (H, cl H ) ∈ C with a i : i < ω in H such that a i / ∈ cl H ({a j : j < i}) for all i < ω).
It is straightforward to show that quasiminimal pregeometry classes are (after forgetting the pregeometry and ordering them with "being a closed substructure") quasiminimal AECs. That they are AECs is noted in [Kir10, §4] . In fact, the exchange axiom is not necessary for this. The main point is that axiom II of quasiminimal pregeometry classes allows us to do a back and forth argument to prove the desired existence of prime models and the equality of any two nonalgebraic Galois types over a common model. We sketch a proof here for completeness.
Definition 4.3. Let C be a quasiminimal pregeometry class.
Note that the structure determines the pregeometry (see also the discussion after 
Proof. If M ∈ K, then by definition there exists cl
Moreover if (M, cl) ∈ C then by axiom I(3) used with the identity embedding, cl = cl M . It immediately follows from axiom I(2) that K is a coherent abstract class. We then get, also using I(2), that cl M = cl M , and thus using Fact 3.4 that K admits intersection. Proof. We will sometimes use Lemma 4.4 without explicit mention. Let K := K(C). If C is bounded, there are no infinite increasing chains in K so by axioms 0 and I, K is an AEC. If C is unbounded, axioms 0, I, and IV similarly give that K is an AEC. Since the closure of any finite set is countable (axiom I(1)) and |τ (C)| ≤ ℵ 0 (axiom 0(1)), LS(K) = ℵ 0 . This proves that (1) in Definition 4.1 holds.
As for axiom (2), by axiom 0(1), C = ∅, hence K = ∅. Let M ∈ K and let M 0 := cl M (∅). By Lemma 4.4, K admits intersections hence M 0 ∈ K. We show that M 0 is the desired prime model. Let N ∈ K. By axiom 0(3), the empty map is a partial embedding from M into N . Using axiom II(2) to do a back and forth argument (see the proof of [Kir10, 2.1]), we can extend it to a map f 0 :
Lemma 4.4 already showed that K ≤ℵ0 admit intersections. Let us check axiom (4) in Definition 4.1. Let M ∈ K ≤ℵ0 . We want to show that | gS na (M )| ≤ 1. Let p 1 , p 2 ∈ gS na (M ). Say p ℓ = gtp(a ℓ /M ; N ℓ ), ℓ = 1, 2. We want to see that p 1 = p 2 . Without loss of generality (since K ≤ℵ0 admits intersections),
show that there exists f : N 1 ∼ =M N 2 with f (a 1 ) = a 2 . We use axiom II(1), where
here. We get that id M ∪ {a 1 , a 2 } is a partial embedding from N 1 to N 2 . Now use axiom II(2) ω-many times (as in the second paragraph of this proof) to extend this partial embedding to an isomorphism f : N 1 ∼ =M N 2 . By construction, we will have that f (a 1 ) = a 2 , as desired.
Finally, it is straightforward to see that (5) holds if and only if C is unbounded, as desired.
We now examine the other direction: any quasiminimal AEC is isomorphic (as a concrete category) to a quasiminimal pregeometry class. Let us describe the proof. We start with a quasiminimal AEC K. We first prove several semantic properties of this class. The class has amalgamation and joint embedding in ℵ 0 . This is essentially because the uniqueness of the generic type together with the characterization of Galois types in Fact 3.9 allow us to amalgamate "point by point". By uniqueness of the generic type, K is also stable in ℵ 0 . Now let us assume for simplicity that K has no maximal models in ℵ 0 . Then stability implies that K has a saturated model M of cardinality ℵ 1 . By saturation, the closure operator cl M inside M is ℵ 1 -homogeneous, and therefore we can apply the results of Section 2. Using the finite character property of the closure operator (Fact 3.7), We can conclude that cl N is a pregeometry for any N ∈ K. This takes care of axiom I(1) in the definition of a quasiminimal pregeometry class. Now since the axioms of a quasiminimal pregeometry class deal with quantifier-free types, we add a relation for each Galois types (of finite length) over the empty set and expand K to a new AEC K where finite Galois types coincide with quantifierfree types. It is then easy to prove most of the axioms of a quasiminimal pregeometry class: only II(2), a form of ℵ 0 -homogeneity, is problematic. It is easy to show that it holds when H is empty, but at this stage we do not know whether countable quantifier-free types coincide with Galois types. Using stability and amalgamation, we do know that every Galois type over a countable model does not split over a finite set (in an appropriate sense). This is known to be enough to prove II(2) [BHH + 14, 5 .3].
Let us implement the above description of the proof. First, quasiminimal AECs have (for countable models) amalgamation and joint embedding:
Lemma 4.6. If K is a quasiminimal AEC, then K ≤ℵ0 has amalgamation and joint embedding.
Proof. We prove amalgamation, and joint embedding can then be obtained from the existence of the prime model and some renaming. By the "in particular" part of [Vas17, 4.14], it is enough to prove the so-called type extension property in K ≤ℵ0 . This is given by the following claim:
Claim: If M ≤ K N are both in K ≤ℵ0 and p ∈ gS(M ), then there exists q ∈ gS(N ) extending p. We obtain the following equivalent definition of a quasiminimal AEC:
Theorem 4.7. Let K be an AEC satisfying (1), (3), and (4) from Definition 4.1. Then (2) is equivalent to:
(2)' K = ∅ and K ≤ℵ0 has joint embedding.
Proof. That (2) implies (2)' is given by Lemma 4.6. For the other direction, one can use joint embedding to see that cl M (∅) is a prime model for any M ∈ K ≤ℵ0 .
It directly follows that quasiminimal AECs are ℵ 0 -stable:
Proof. By uniqueness of the generic type.
We can now show that the closure operator in a quasiminimal AEC satisfies exchange:
Theorem 4.9. If K is a quasiminimal AEC, then K admits intersections and for any N ∈ K, (|N |, cl N ) is a pregeometry whose closed sets are exactly the Ksubstructures of N .
Proof. That K admits intersection is Theorem 3.6. Now let N ∈ K and let W := (|N |, cl N ). By Lemma 3.3, W is a closure space and by Fact 3.4, its closed sets are exactly the K-substructures of N . By Fact 3.7, κ(W ) = ℵ 0 , i.e. W has finite character. It remains to see that W has exchange. Let a, b ∈ |N | and let A ⊆ |N |. Assume that a ∈ cl N (Ab)\ cl N (A). We want to see that b ∈ cl N (Aa). By finite character we can assume without loss of generality that |A| ≤ ℵ 0 . Using the Löwenheim-Skolem-Tarski axiom, we may also assume that N ∈ K ≤ℵ0 . Using stability, let N ′ ∈ K ≤ℵ1 be such that N ≤ K N ′ and N ′ is ℵ 1 -saturated (this can be done even if there is a countable maximal model above N . In this case such a maximal model will be the desired N ′ ). Then
) is a closure space with κ(W ′ ) = ℵ 0 which (using uniqueness of the generic type) is ℵ 1 -homogeneous. Therefore by Corollary 2.11, W ′ satisfies exchange. It follows immediately (see Fact 3.5) that W also satisfies exchange.
In particular, exchange is not necessary in the definition of a quasiminimal pregeometry class:
Corollary 4.10. If C satisfies all the axioms of a quasiminimal pregeometry class except that in I(1) cl H may not have exchange, then C is a quasiminimal pregeometry class.
Proof. By Theorem 4.5, K(C) is a quasiminimal AEC. By Theorem 4.9, (|M |, cl M ) is a pregeometry for every M ∈ K. The result now follows from Lemma 4.4. Remark 4.11. A referee pointed out that if we assume in addition that any countable model is contained in a model M ∈ K such that M = cl M (X) with |X| infinite and cl
Zilber's definition of an independent set in [Zil05a, 1.2]), then exchange can be proven as follows: by "successive renaming of X" (see the proof of [Zil05a, Theorem 2]), one can prove that C contains a model of cardinality ℵ 2 (and indeed of any cardinality). Then one can apply the results from [ITW04, 2.8] (or Corollary 2.11 here). Corollary 4.10 is much stronger, as it does not even assume that C is unbounded, let alone that the infinite-dimensional model satisfies a weak version of exchange.
In order to prove that axiom II(2) holds in an appropriate expansion of K, we will use that the members of K are homogeneous for finite Galois types:
Lemma 4.12. Let K be a quasiminimal AEC and let
Proof. It is enough to prove the result when ℓ(b 1 ) = 1. Let M ℓ := cl M (ā ℓ ) for ℓ = 1, 2. By Fact 3.9, there exists f :
and check that this works. If b 1 ∈ |M |\|M 1 |, then M 1 = M , and so M 2 = M , so pick any b 2 ∈ |M |\|M 2 |. By uniqueness of the generic type, Fact 3.9, and some renaming, there is an extension g : cl
We will also use the following very general fact. The proof is similar to [She09, I. We can now state and prove the correspondence between quasiminimal AECs and quasiminimal pregeometry classes. The idea is to add a relation to the language for each finite Galois type, and expand the models accordingly. This is a functorial process: the resulting class is isomorphic (as a category to the original one). This expansion is what we call the (
Definition 4.14. Let K = (K, ≤ K ) be an AEC. Define an expansionτ of τ (K) by adding a relation symbol R p of arity ℓ(p) for each p ∈ gS <ω (∅). Expand each N ∈ K to aτ -structure N by specifying that for eachā ∈ <ω | N |, R 
The basic facts about the Galois Morleyization that we will use are below. The most important says that finite Galois types are the same as quantifier-free types in the Galois Morleyization.
Fact 4.15. Let K be an AEC and let K = ( K, ≤ K ) be its (< ℵ 0 )-Galois Morleyization.
(1) [Vas16, 3.4 
(2) [Vas16, 3.5] K is a functorial expansion of K. This means that the reduct map is an isomorphism of concrete categories from K onto K. In particular, K is an AEC with LS( K) = LS(K) + |τ ( K)|. 
, then the quantifierfree type ofb 1 over A in N 1 equals the quantifier-free type ofb 2 over A in N 2 . If A is finite, the converse also holds.
We have arrived to the definition of the correspondence between quasiminimal AECs and quasiminimal pregeometry classes, and the proof that it works:
Theorem 4.17. If K is a quasiminimal AEC, then C(K) is a quasiminimal pregeometry class, which is unbounded if and only if K is. Moreover K(C(K)) is the (< ℵ 0 )-Galois Morleyization of K.
Proof. Let C := C(K). It is clear that the elements of C are of the right form. The moreover part is clear from the definition of K(C(K)), and so is the equivalence between the two versions of being bounded. We check all the conditions of Definition 4.2. We will use without comments that K ≤ℵ0 is has amalgamation and joint embedding (Lemma 4.6) and is stable in ℵ 0 (Lemma 4.8).
0: (1) Since K has a prime model (axiom (2) in Definition 4.1), . By finite character, we may assume without loss of generality that X is finite and therefore preim(f ) is also finite. Letā be an enumeration of X. Since quantifier-free types and Galois types over finite sets coincide in K (Fact 4.15(3) ), gtp(āy/∅; M ) = gtp(f (ā)f (y)/∅; M ′ ). The result now follows from the definition of the closure operator. II: Let (H, cl H ), (H ′ , cl H ′ ) ∈ C. Let G ⊆ H and G ′ ⊆ H ′ be countable closed subsets or empty and let g : G → G ′ be an isomorphism. (1) Let x ∈ |H| and x ′ ∈ |H ′ | be independent from G and G ′ respectively. We show that g ∪ {(x, x ′ )} is a partial embedding. By renaming without loss of generality G = G ′ . Here, the first is proven as Lemma 4.12 and the second as Fact 4.13 (recalling that finite Galois types and quantifier-free types coincide, Fact 4.15(3)). IV: (1) Because K is an AEC and the closure operator has finite character.
As a corollary of Theorem 4.17, all the work on structural properties of quasiminimal pregeometry classes automatically applies also to quasiminimal AECs: Corollary 4.18. Let K be a quasiminimal AEC.
(1) K is (< ℵ 0 )-tame for types of finite length (that is, for any two distinct p, q ∈ gS <ω (M ), there exists a finite A ⊆ |M | such that p ↾ A = q ↾ A). (a) K has no maximal models. (b) K has exactly ℵ 0 non-isomorphic countable models and K is categorical in every uncountable cardinal.
Proof. Let C := C(K). By Theorem 4.17, C is a quasiminimal pregeometry class. By [BHH + 14] , it also satisfies the excellence axiom. By Zilber's main result on these classes [Zil05a] (or see [Kir10] for an exposition), (1) and (2) hold for C. Therefore they also hold for K(C), which is a just a functorial expansion of K. Hence they also hold for K. Similarly, (3) holds in unbounded quasiminimal AECs (see [Kir10, §4] ).
